In this study, we have investigated empirically the effects of market properties on the degree of diversification of investment weights among stocks in a portfolio. The weights of stocks within a portfolio were determined on the basis of Markowitz's portfolio theory. We identified that there was a negative relationship between the influence of market properties and the degree of diversification of the weights among stocks in a portfolio. Furthermore, we noted that the random matrix theory method could control the properties of correlation matrix between stocks; this may be useful in improving portfolio management for practical application. * Electronic address: shunter@pusan.ac.kr
I. INTRODUCTION
In the field of finance, portfolio management is a crucial study topic, both from an academic and a practical perspective. Markowitz's portfolio theory has had a significant influence on portfolio research, in that it proposes a quantitative method for structuring a portfolio with a minimum (maximum) risk (return) for a given return (risk) [1] . Moreover, investment weights for stocks in a portfolio require well-distributed diversification to effectively reduce the risk of a portfolio. Diversification is critical for the application of Markowitz's optimum portfolio from a practical viewpoint, and the two factors that can affect diversification are the number of stocks in a portfolio and the level of distribution of the investment weights.
First, previous literature concerning the effects of the changes in the number of stocks within a portfolio on reducing the risk by diversification have provided relatively robust empirical evidences. Evans et al. previously suggested that a portfolio's risk can be reduced by 50% or more if the number of stocks in a portfolio is 10 ∼ 15, and also provided empirical evidence suggesting that the addition of more stocks into the portfolio exerts only insignificant risk reduction effects (2 ∼ 5%) [2] . Without question, the risk reduced by diversification is an unsystematic risk associated with stocks [3] . Their research findings provide important criteria for determining the number of stocks in practical portfolio management. Elton et al. presented an analytical equation which allows for an examination of the degree of risk reduction when adding new stocks to a portfolio [4] . Statman assessed the effects of adding stocks to a portfolio on reducing the risk of an existing portfolio from the standpoints of marginal benefits obtainable from reducing the portfolio risk and the marginal costs that occur as the result of increasing the number of stocks in a portfolio [5] . The study suggested that, for practical purposes, the number of stocks should be increased to 30 (for a borrowing investor) or 40 (for a lending investor) in order to realize the effects of portfolio diversification.
Next, there are studies that address the level of distribution of investment weights among stocks in a portfolio, which is crucial to the implementation of an effective portfolio diversification. These studies attempted to determine whether the total investment is distributed well among stocks within a portfolio. However, on the basis of the empirical evidence, although an efficient portfolio with minimized risk for a given return from traditional portfolio theory is created, the investment weights among stocks within a created portfolio are concentrated on a few stocks-that is to say, they are not well distributed. Such investment weights of lower diversification among stocks within a portfolio function as a limitation to the use of the portfolio theory in practical applications.
According to the random matrix theory (RMT) recently derived from the field of econophysics to the field of finance [6, 7] , observed results exist which indicate that portfolio management can be improved by controlling the correlation matrix, as an important input data in the Markowitz's optimum portfolio. Financial time series data contains noise, finiteness of time series, missing data, and thin trading -these factors force the correlation matrix calculated from the actual data to contain measurement errors. Therefore, the RMT can improve the portfolio theory by removing the measurement error inherent to the correlation matrix. According to the results obtained by combining the RMT with Markowitz's optimum portfolio [8, 9, 10] , using the correlation matrix that controlled the correlation matrix of a past period on the basis of the RMT method, as the estimated correlation matrix of a future period, provides a better approximation of the portfolio elicited from the actual correlation matrix of the future period than the conventional approach using a correlation matrix of a past period as the estimated correlation matrix of a future investment period.
The results also show that the utility of the RMT improves reliability in portfolio selection, as well as accuracy and stability in portfolio risk evaluation.
The primary objective of our study is to examine empirically whether the level of distribution of investment weights for stocks in a portfolio can be improved by controlling the divere properties included in the correlation matrix. Specifically, we believe that among the various properties in the correlation matrix, the market factor properties exert critical effects on the degree of diversification of investment weights in Markowitz's optimum portfolio. Accordingly, we assessed the effects of changes in the influence of market factor properties on the degree of diversification of investment weights among stocks in a portfolio.
First of all, we selected market factor as the properties that principally influence the correlation among stocks that constitute a portfolio. Many models developed in the field of finance to elucidate the pricing mechanism of the stock market commonly utilize market factor as an explanation variable. King previously provided empirical evidence suggesting that stock price changes can be explained using market, industry, and company factors and market factor, in particular, account for a significant portion of stock price changes in the market [11] . These observed results affected the CAPM (capital asset pricing model) [12] and APM (arbitrage pricing model) [13] . In addition, studies that have applied the RMT method to the field of finance determined that the largest eigenvalue has the properties of market factor [8, 9, 10] , and similar results have been noted in other financial research [11, 14, 15] . The eigenvector is utilized as the weight for creating time series data (corresponds to the factor score in the multivariate statistics of principal component analysis [17] ) that reflects the eigenvalue properties. The eigenvector distribution of the largest eigenvalue has a higher average than the eigenvector distributions of other eigenvalues [10] . Moreover, it has been verified that the properties of the largest eigenvalue do not change, regardless of the number and type of stocks in a correlation matrix [16] . Among the properties included in the correlation matrix, we conducted an empirical investigation of the effects of market factor properties, in which defined by the largest eigenvalue via the RMT, on portfolio diversification, in which we comparatively examined the degree of diversification of the investment weights among stocks in a portfolio by categorizing them into cases with and without market factor properties in the correlation matrix.
Next, previous studies have reported that market factor exerts significant effects on the stock market during a market crisis. King provided empirical evidence suggesting that the degree of price fluctuation of stocks that could be explained by market factor (using the R 2 determinant coefficient) was relatively high during the Great Depression of the 1920s [11] . According to a study conducted by Onnela et al., the magnitude of the correlation among stocks has increased in times of market crisis, such as "Black Monday" in the U.S. in October 1987 [18, 19] . Eom et al. noted that the frequency of significant information flow among stocks increased rapidly in Korea during the Asian foreign exchange crisis of 1997 [20] . Therefore, we have empirically assessed changes occurring in the influence of market factor in Korean and Japanese stock markets in and around the Asian foreign exchange crisis in December 1997, and the large Japanese recession in January 1990, respectively. We further attempted to determine the manner in which investment weight distributions among stocks in a portfolio were affected by market factor during market crisis situations.
In summary, our primary objective was to investigate empirically the usefulness of the RMT as a potential method for improving the degree of diversification of the stocks in a portfolio constructed in accordance with conventional portfolio theory, by controlling market factor among the properties included in the original correlation matrix. On the basis of the observed results, we were able to confirm the empirical evidence suggesting that the influence of market factor increases during a market crisis. We also noted that the distribution level of the investment weights among stocks in a portfolio constructed from the Markowitz's optimum portfolio is reduced when market factor exerts a significant influence. However, the distribution level of investment weights for stocks in a portfolio elicited from a correlation matrix without market factor properties by using the RMT method was insensitive to changes in the effects of market factor. Moreover, the risk of a portfolio elicited from a correlation matrix without market factor properties was smaller than that of a portfolio drawn from the conventional Markowitz's optimum portfolio. These results indicate that in a stock market, the market factor properties evidence a negative relationship with the distribution level of investment weights of stocks in a portfolio. We also learned that the combination of a correlation matrix controlled by the RMT method and the portfolio theory is useful for improving portfolio management in practical terms. This paper is constructed as follows. The first chapter is the introduction and Chapter 2 describes the data and methods employed in this study. Chapter 3 presents the results observed according to the study objectives established previously. The final chapter offers a summary of observed results and their implications.
II. DATA AND METHODS

A. Data
We utilized daily price data of KOSPI 200 stocks in the Korean stock market and Nikkei 225 stocks in the Japanese stock market. Among the stocks included in the market indices, we determined the ones to be utilized for the process on the basis of the following three criteria. First, stocks with consecutive daily stock prices for the period were selected. Second, stocks with statistical extremes in terms of skewness (> |2|) and kurtosis (> 30) were excluded. Third, stocks in sectors with four or less companies were excluded. In turn, we selected 104 stocks from Korea's KOSPI200 and 183 from Japan's Nikkei225 that fulfilled the three criteria.
According to the objective of our study, we took the price data during the periods that included market crises when the influence of market factor in the stock markets increased. For the Korean stock market, this was between January 1990 to December 2007 (216 months), a period that includes the foreign exchange crisis of December 1997. For the Japanese stock market, we compiled data from January 1983 to December 2000 (216 months), a duration which includes the beginning of the large recession in January 1990. We utilized the rolling sample method to assess changes in the effects of market factor, and to ensure variation in the degree of diversification of investment weights of stocks within a portfolio from the perspective of the time series. For the entire period (216 months), we established a testing period duration of 5 years (60 months) and 1 month of duration shift. Ultimately, we noted the time series variation in the results obtained from 157(=216-60+1) repetitions for the Korean and Japanese stock markets, respectively.
B. Methods
The objective of this study was to investigate empirically the effects of changes in the influence of market factor properties in the stock market on the distribution level of investment weights among stocks in a portfolio. Therefore, we required methods to measure quantitatively the degree of influence of market factor and the degree of diversification of investment weights for stocks in a portfolio.
Initially, we utilized two parameters for the quantitative measurement of the degree of influence of market factor. First, the largest eigenvalue, λ 1 was elicited via the RMT method, and second, the mean square error (MSE) of the difference between the original correlation matrix, C O with the properties of market factor and the controlled correlation matrix, C M without the market factor properties. We employed the RMT method to control the market factor included in the correlation matrix among stocks.
The first measurement used to quantify the degree of influence of market factor is the largest eigenvalue. By the statistical properties of the correlation matrix created by the random matrix, if the length of time series, L, and the number of data, N, is infinite, the probability density function P RM (λ) of the random correlation matrix eigenvalue, λ can be defined analytically as follows [21] . From previous studies, it is widely recognized that the largest eigenvalue among eigenvalues that exceed the range of a random matrix, λ i > λ RM + evidences market factor properties [6, 7, 8, 9, 10, 11, 14, 15, 16] . We utilized the largest eigenvalue as the proxy for market factor, and noted the time series variation of its magnitude. In other words, an increasing magnitude of the largest eigenvalue is indicative of a greater market factor influence in the stock market, and vice versa.
The second measurement is the MSE. Based on previous studies, we generated a correlation matrix, C M , from which the properties of the largest eigenvalue were removed via the RMT method [22] . This is the correlation matrix without market factor properties. The MSE is assessed using the off-diagonal elements N(N − 1)/2 of the controlled correlation matrix, C M , and the original correlation matrix, C O , as follows.
in which a high MSE reflects a high influence from market factor because the MSE is the difference between C O with market factor and C M without market factor. If the influence of market factor increases, C M will decrease, causing the MSE to assume a large value. On the other hand, a small MSE is reflective of an insignificant market factor influence.
Next, with regard to the quantitative measurement of the degree of diversification of investment weights among stocks in a portfolio, we employed two parameters: the intraportfolio correlation (IP C) and the concentration coefficient (CC). These parameters were calculated using the investment weights of stocks constituting a portfolio. Accordingly, we utilized a method predicated on Markowitz's portfolio theory to generate investment weights for stocks in a portfolio.
where σ i and σ j are stock risks (standard deviation), and ρ i,j (= C O ) denotes the correlation among stocks. Condition 1, which is concerned with the expected return of portfolio, E(R p ), specifies that expected returns, E(R j ) of stocks in a portfolio have a certain target return, R T p . Then, a portfolio is generated with a minimum risk, σ p according to the minimization objective function of Eq. 3 for the target return; the investment weight, w p j for stocks in a portfolio are created in the process. Finally, connecting the combination points [σ p , E(R p )] of portfolio risks and returns created by varying the target return within a range, p = 1, 2, . . . , 10 provides an efficient investment curve, or an efficient portfolio. Conditions 2 and 3 indicate that short-selling is not permitted.
In order to obtain robust results, we conducted an identical testing process using the controlled correlation matrix from which the market factor, λ 1 were removed via the RMT method, as the correlation matrix input data ρ i,j → C M of Eq. 3. For an objective comparison between portfolios elicited from correlation matrices with the market factor properties and without the market factor properties, we set an identical target return for both cases.
Using investment weights for stocks in a portfolio calculated from the optimization function of Eq. 3, we attempted to determine whether investment weights were well distributed among stocks with the IP C and the CC. The first measurement IP C p quantifies the distribution level of the investment weights among stocks in a portfolio.
The range of the IPC is −1 ≤ IP C ≤ 1. IP C = −1 indicates that the investment weights are well distributed among all of stocks comprising the portfolio, and IP C = +1 shows that the investment weights are not distributed at all. Namely, the lower the IPC, the higher the level of distribution for the investment weights among stocks in a portfolio.
The second measurement, CC p , as a complementary parameter to IP C p , measures the degree of concentration of investment weights among stocks in a portfolio.
CC p = ( N j=1 (w p j ) 2 ) −1 (p = 1, 2, . . . , 10)
The range of the CC is 1 ≤ CC ≤ N. CC = 1 denotes that 100% of the investment is made on one stock in a portfolio, and CC = N means that an equal investment weight w j = 1 N = w is applied to every stock in the portfolio. In other words, the higher the CC, the lower the degree of concentration of investment weights among stocks in a portfolio.
III. RESULTS
This section presents the results of our examination of the effects of market factor properties on the degree of diversification of investment weights among stocks in a portfolio. The results are divided into those obtained from the Korean stock markets and those obtained from Japanese stock markets, as is shown in Fig. 1 and Fig. 2 From the observed results, we found that the degree of diversification of investment weights for stocks from using the controlled correlation matrix without the market factor properties was relatively high. Furthermore, we were able to confirm empirically that the RMT method, which can control various properties included in a correlation matrix, is an effective means of improving the degree of diversification for investment weights among the stocks in a portfolio constructed via the conventional portfolio theory.
In order to provide robust empirical evidence for the observed results, we presented the relationships among the largest eigenvalue λ 1 [Fig. 2(b) ], IP C [Fig. 2(c) ], and CC [ Fig. 2(e)] from the results of the Japanese stock market data in Fig. 3 . In Fig. 3 (a) & (b) , the largest eigenvalue displays correlations of significant 96.58% and significant -73.84%
with IP C and CC at the 1 % level, respectively. It can be noted that as the magnitude of the largest eigenvalue that indicates the influence of market factor increases, the level of distribution of the investment weights for stocks in a portfolio clearly decreases (IP C increases) and the concentration level of investment weights increases (CC decreases). In addition to these results, we observed fluctuation of portfolio risks in Fig. 4. Fig. 4 (a) and (b) are depicted using data from the Korean and Japanese stock markets, respectively.
In figure, we also determined that the portfolio risk elicited from the controlled correlation matrix without market factor (σ M p = 1 10 10 p=1 σ p , blue squares) was decidedly lower than the portfolio risk drawn from the conventional portfolio theory (σ O p , red circles) for a given return over the total period. That is to say, average value of σ M p is 0.0033 (t:43.08) within range 0.0081 ≤ σ M p ≤ 0.0055 for data of Korean stock market, and 0.0018 (t:37.67) within range 0.0010 ≤ σ M p ≤ 0.0032 for Japanese stock market. Otherwise, average value of σ O p is 0.0131 (t:50.27)) within range 0.0073 ≤ σ O p ≤ 0.0180 for data of Korean stock market, and 0.0089 (t:66.23) within range 0.0067 ≤ σ O p ≤ 0.0123 for Japanese stock market. Therefore we robustly discovered that the properties of market factor causes to be lower degree of diversification, and then to increase the degree of portfolio risk. Also, these results show that the RMT method, which can control market factor from a correlation matrix, is an effective means not only for improving the degree of diversification for investment weights among stocks in a portfolio, which has been a practical limitation to the application of conventional portfolio theory, but also may prove useful in reducing the risk level of a portfolio.
IV. CONCLUSIONS
This study comprised our empirical investigation of a method to improve the degree of diversification of investment weights for stocks that constitute a portfolio in the Korean and Japanese stock markets. An empirical test was conducted in order to determine whether the distribution level of investment weights for stocks in a portfolio elicited in accordance with the conventional Markowitz's portfolio theory could be improved by removing the market factor properties included in the correlation matrix via the RMT method. The observed results can be summarized as follows. We were able to confirm that the influence of market factor increased during market crises. We also determined that when the influence of market factor was high, the distribution level of investment weights for stocks in a portfolio drawn from the Markowitz's optimum portfolio decreased. In other words, we noted a negative relationship between the influence of market factor and the distribution level of investment weights for stocks in a portfolio. In order to acquire more robust results, we conducted an identical testing process using the controlled correlation matrix from which market factor were eliminated using the RMT method. The results revealed no significant variations in terms of the distribution level of investment weights for the stocks in a portfolio during times of market crisis. Moreover, compared to the results observed from the conventional portfolio theory, the results acquired via the RMT method evidenced a significantly higher degree of diversification of investment weights for stocks in a portfolio, and also evidenced a lower portfolio risk. From these results, we evidence that the properties of market factor cause to decrease the degree of diversification of investment weights among stocks in a portfolio and to increase portfolio risks. Also, we were able to verify that the RMT method that can control various properties from the correlation matrix, is an effective means of improving the practical limitations to the application of the conventional portfolio theory. We also learned that there is a clear necessity for more profound research efforts in the future regarding the roles of market factor in the portfolio theory. Fig. 1(a) depicts the market index trends, during the period including Korea's foreign exchange crisis of December 1997. Fig. 1(b) displays the results of quantitative measurements of the influence of market factor in the stock market, using the largest eigenvalue(blue squares) and the MSE (red circles). Fig. 1 (c) & (e) displays the degree of diversification of investment weights among stocks in portfolios using IP C and CC. These results are provided for the original correlation matrix (red circles) and the controlled correlation matrix (blue squares). In Fig. 1 (d Fig. 2(a) depicts the market index trends during the period including Japan's big recession of January 1990. Fig. 2(b) displays the results of quantitative measurements of the influence of market factor in the stock market, using the largest eigenvalue (blue squares) and the MSE (red circles). Fig. 2 (c) & (e) displays the degree of diversification of investment weights among stocks in portfolios. These results are provided for the original correlation matrix (red circles) and the controlled correlation matrix (blue squares). In Fig. 2 Fig. 3 , the X-axis denotes the largest eigenvalue, and the Y-axis represents IP C ( Fig. 3(a) ) and CC ( Fig. 3(b) ). 
